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1. Introduction 2. It is only allowed to evict a page from fast memory
when that page is being replaced by the currently re-
guested page, and the currently requested page does
not already reside in fast memory.

Consider a computer system with a two-level memory hi-
erarchy consisting of a small fast memory of skzend

a large slow memory. Memory is divided into fixed-size
pages. Each memory access indicates an access into a pAfthough this problem has no practical motivation, it is fun
ticular page of memory. If the page is located in fast mem-and theoretically interesting.

ory, the access has no cost. If the page is located only i
slow memory, the access inducesage fault whereby the
page must be moved from slow memory into fast mem
ory (possibly evicting a page that is currently stored in fas
memory). A page fault has a cost of one.

Q‘he optimal offline strateg@®PT for the problem of max-
[imizing page faults discards the page that will be requested
fnext. An online strategyl is c-competitive if there exists a
constants such that for every input sequeneg

Research in the area of page-replacement strategies focuses A(o) 2 OPT(0)/c~ 5,

on strategies that reduce the number of page faults. If alvhere A(o) is the number of page faults incurred by the
the page requests are known a priaffl{ne), the optimal  algorithm A on the input sequence, andOPT(o) is the
strategy is to replace the page whose next request occuraimber of page faults incurred by the optimal offline strat-
furthest in the future [Belady, 1966]. Aonline strategy  egy on the sequence

must make its decisions at the time that each page requ

arrives, without any knowledge of the future accesses. e'?hroughout this paper, when we talk about strategies being

competitive, we mean with respect to the offline strategy
Since the performance of any online strategy depends othat maximizes page faults. An optimal strategy is there-
the input sequence, Sleator and Tarjan introdcmmpet-  fore the “worst” page-replacement policy.

itive analysis[Sleator & Tarjan, 1985] to analyze these

strategies. An online strategy is c-competitive if there The rest of this paper is organized as follows. Section 2

. . proves that there is no deterministic, competitive, online
exists a constant such that for every input sequenege : -
algorithm to maximize page faults, and that no (random-

A(o) <c-OPT(0) + 3, ized) algorithm is better thak-competitive. Section 3
whereA(o) is the cost incurred by the algorithrhon the  gives an algorithm that ig-competitive, and hence opti-
input sequence, andOPT(o) is the cost incurred by the mal. Section 4 proves that a direct-mapping strategy is also
optimal offline strategy for the sequenceSleator and Tar-  the worst possible strategy under the assumption that page
jan prove that there is no online strategy for page replacetocations are random. Most proofs are omitted for space
ment that is better thaticompetitive, wheré: is the mem-  reasons.
ory size. Moreover, théeast-recently-used (LRUheuris-
tic, whereby _the page g\_/lcted is alwa_ys the one least '® | ower bounds
cently used, ig-competitive. If the offline strategy oper-
ates on a memory that is twice the size of that used by th&his section gives lower bounds on the competitiveness of
online strategy, LRU i2-competitive. online strategies for maximizing page faults.

In this paper we are interested in finding a “reasonable™The following lemma states that there is no deterministic

online strategy that causes as many page faults as posginline strategy that is competitive with the offline strategy.
ble. We assume that the fast memory is initially empty. Ali _ _
reasonablestrategﬁ follows two rules: Once unreasonable strategies are allowed, one could deS|_gn
. . a strategy that uses only one location on the fast memory. This
1. Itis only allowed to evict a page from fast memory sirategy will perform optimally for maximizing page faults, but it
when the fast memory is full. doesn’t make much sense in a real system.



Lemma 1 Consider any deterministic strategy with a  quests follow the MRU strategy. This strategy avoids the
fast-memory sizé > 2. For anye > 0 and constan{3, alternating-request problem from the proof of Lemma 1.
there exists an input such thatd (o) < - OPT (o) — .

Theorem 3 Randomized MRU is expectéecompetitive,
Proof.  Consider a sequence that begins by request- wheref is the fast-memory size.
ing pagevs, v, . .., viy1. After pagevy is requested, all
strategies have a fast memory containing pages..,vx.  This result does not match the lower bound from Lemma 2.
At the time vy 41 is requested, one of the pages must ben particular, it does not generalize to the case in which
evicted from the fast memory. Suppose that the determinthe online and offline strategies have different fast-memory
istic strategyA chooses to evict page. Then consider the  sizes. We have a strategy called “reservoir MRU” that
SeqUeNCe = v1,v2,. .., Uk, Vk41, Vs, Vk+1; Vg, Vk+15 - - uses more randomization. The main idea behindreser-
that alternates between ., andv; for somej with 1 < voir MRU strategy is to keep a reservoir bfy — 1 page,
J < kandi # j. After v,y is requested, both; and  where each previously requested page is in the reservoir
v+ are inA’s fast memory. Thusd incurs only the first  with equal probability: The reservoir MRU strategy works
k + 1 page faults. The offline strategyPT incurs a page as follows. For the first,,, distinct requests, the fast mem-
fault on every request (by evicting pagg whenwy.1 IS ory is not full, thus there are no evictions. After this time,
requested and vice versa). Extending the length of the sgf there is a request for a previously requested pagand
quence proves the lemma. LI the page is not in fast memory, then the most recently re-

quested page is evicted. When thth new page is re-

Lemma 1 also holds even if we introduce resource auQmerﬁuested for any > k,,, the most recently requested page
tation. That is, even if the deterministic strategy is allowed. ’ oo

. is evicted with probabilityi — (k. — 1)/(n — 1). Other-
a smaller fast memory of S'ZI&’.’L = 2than the fas_t mem- wise, a fast-memory location (other than the most-recently-
ory kog > ko, used by the offline strategy, there is still no

iy 2 used page’s) is chosen uniformly at random, and the page
competitive deterministic strategy. at that location is evicted.
The following lemma states that no randomized strategy i
better than expectek-competitive when both the online
and offline strategies have the same fast-memory kize
Moreover, when the offline strategy uses a fast memory o
sizek,g and the online strategy has a fast memory of siz
kon < kogr, NO online strategy is better théns /(kos —
kon + 1). We omit the proof due to space limitations.

The following theorem matches the lower bound given by
Lemma 2, and hence reservoir MRU is optimal.

trheorem 4 Reservoir MRU is expectéd g / (kog —kon+
e1)-competitive, wheré, gz is the fast-memory size of the
offline strategy, ané,,, < kg is the fast-memory size for
reservoir MRU.

Lemma 2 Let k5 be the fast-memory size of the offline This th that when the offl trat d
strategy andk,, < k.g be the fast-memory size of the IS theorem means that when the offline strategy an

online strategy. Consider any (randomized) online strategyre‘?’ea/glz N":U have tE?e S%w]e fast-memo:\)/llljaz iese}:{r- ¢
A. Foranye < kog / (ko — kon -+ 1) and constans, there voir is k-competitive. When reservoir as fast-

ist : h thatE [ A PT _ 3 memory sizek and the offline strategy has fast-memory
exists an input such thatA(o)] < OPT(e)/c - size(1 + 1/c¢)kon, reservoir MRU is(c + 1)-competitive,

which is analogous to Sleator and Tarjan’s [Sleator & Tar-
3. Most-recently used jan, 1985] result for LRU.

This section describes twlk-competitive strategies. The

first strategy uses one step of randomization followed by4. Direct Mapping

the deterministic “most-recently-used” (MRU) heuristic. __ . . . .

The second strategy uses more randomization to achievLhIS section considers a particular page-replacement strat-
y used in real systems called “direct mapping” and

the optimal result even when the offline and online strateY :
gies have different fast-memory sizes proves that under some assumption of randomness, the

direct-mapping strategy fscompetitive.
Since least-recently-used (LRU) is optimal with respect to
an offline strategy that minimizes page faults, it is rea-
sonable to expect MRU to be optimal for maximizing

In a direct-mapping strategy [Patterson & Hennessy, 1998],
each page is mapped to a particular location on the fast

page faults. This strategy, however, is deterministic, andnemory. If the page Is requested and it is not on the fast

Lemma 1 states that no deterministic strategy is Compet(r_jnemory,t '; (TIV |ctstr:he plage |fn that Iocatlgln ' 'It'h|ts strate?y
itive. Instead we consider eandomized MRUstrategy, oes not follow the rules of a reasonable strategy setup

where the first page evicted (when ttle + 1)th distinct 2This technique is inspired by reservoir sampling [Vitter,
page is requested) is chosen at random. All subsequent r&985], which is where we came up with the name.



in Section 1. In particular, it may evict a page from the
fast memory before the fast memory is full. We still think

it is interesting to consider this strategy in the context of
maximizing page faults as it is a strategy commonly imple-
mented for the normal page-replacement problem (where
the goal is reversed).

The direct-mapping strategy we consider is as follows.
Each time a new page is requested, that page is mapped
to a random location on the fast memory uniformly at ran-
dom. Every time that page is requested again, it maps to
the same location. The following theorem states that this
strategy isk-competitive.

Theorem 5 The direct-mapping strategy iscompetitive,
wherek is the fast-memory size of the online and offline
strategies.

In real direct-mapping strategies, pages are not typically
mapped at random. Instead, they are mapped based on the
lower order bits in the address. Theorem 5 states that as
long as the pages are located at random locations in mem-
ory, then (deterministic) direct-mapping is the worst pos-
sible strategy. This assumption of random locations may
seem a bit pessimistic in a real program. On a machine
with some time sharing, however, each application may be
located at a random offset in memory, so as long as the ap-
plications don’t access too many pages during a time slice,
the theorem still applies.
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