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Abstract— The performance of many legged robots today is
limited by trajectory generation processes which use overly
conservative estimates of dynamic stability. We propose that
the correct way to estimate the stability margin of a legged
system is by modeling the dynamics as a stochastic process
and studying its underlying statistics. In particular, we propose
a new stability margin based on the mean first passage time
(MFPT) to a fallen down state. We show that the famous static
stability margin (SSM) and zero-moment point (ZMP) margin
can be viewed as approximations of this statistic. We then present
computational tools based on approximate optimal control for
computing stronger approximations using a simulation, and for
improving the approximation online on a real robot.

Our investigation of the MFPT for simple walking models
revealed an elegant simplification. For walking with disturbances,
the overall dynamics of the state distributions are well described
by a fast convergence to a metastable (long-living) limit cycle, and
a small leakage rate to the fallen down state. The time constants
of these eigenmodes provide scalar quantifiers that succinctly
answer the question, “How stable is your robot?”

Index Terms— stability margins, legged robots, zero-moment
point (ZMP), compass gait, approximate optimal control, first
passage time, first visit time, mean time to failure

I. INTRODUCTION

When we build models of legged systems, they are always
deterministic. This makes sense - it is difficult enough to
understand even these systems. But at the core of many control
systems for legged robots is a concept rooted in stochastic
processes - the stability margin. This line of research has
evolved, with many proposed stability margins that capture
different aspects of the walking problem [?], [?], [?], [?], [?],
without ever having a deeper discussion about what types of
stochasticity we expect in walking systems, and quantifying
the expected results in the dynamics of our machines.

The consequences of this are that the existing stability
margins are easy to compute, but relatively poor descriptions
of the actual stability properties of our walking systems. For
this reason, they are necessarily overly conservative, and they
have become one of the major limitations to the performance
of trajectory following legged systems.

This paper concerns itself primarily with the evaluation of
stability for an existing closed-loop walking system. We also
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include a brief discussion of using this system to actually
improve the control system.

THE introduction will go something like this:
• major limitation of walking robots today is that they

are constrained to overly conservative trajectories (less
natural, less energy efficient, slower)

• define stability margins
• stability margins are used in the trajectory generation

process[1]
• existing margins are far too simple, and don’t capture the

real source of stability (i.e., for the Honda robot, foot
placement is more important than ankle torque)

• The entire idea of a stability margin implies stochasticity,
but there are very few stochastic models of walking robot
dynamics

• if we just keep track of the statistics of falling on our
robot, then we can use that information to improve our
stability margin online.

• present new theory and some computational tools
• also works for walking with foot roll and running
• helps answer the question, “Which stability margin is

right for me?”
• walking enters the probabilistic revolution
• Mean Time to Failure instead of FPT?
• This work suggests that by running simulations of the

robot, and by collecting statistics from trials run on the
real robot, we can start with a stability margin estimate
like ZMP then systematically improve that estimate using
statistical inference.

II. STABILITY FOR LEGGED LOCOMOTION

In most cases, the stability of steady-state locomotion can be
characterized as the stability of a limit cycle. This analysis can
be complicated, however, as even the simplest walking models
can exhibit period-doubling bifurcations and chaotic attractors
on their Poincaré maps, yet still walk without falling down[2].
On a real robot, imperfections in state estimation and small
changes in the walking surface (and therefore in the closed-
loop dynamics) make it very difficult to analyze the actual
convergence to a particular limit cycle. Obstacle avoidance
and other deviations from the steady-state trajectories can
complicate the analysis even further.

In practice, many researchers testing legged machines use a
more practical measure of stability - they simply say that the
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robot is stable if and only if it doesn’t fall down. Consider the
deterministic closed-loop dynamics of a robot in the general
form ẋ = f(x, t), where x ∈ <N is the state vector. Now
define a subset F ⊂ <N of the state-space as the states where
the robot has clearly fallen down (e.g., a non-foot point of the
robot is in contact with the ground). For the remainder of this
paper, we will denote a configuration x′ as deterministically
stable if and only if ∀t,x(t) /∈ F given x(0) = x′. In other
words, x′ is stable if and only if it is outside of the basin of
attraction of F .

III. STABILITY MARGINS

Stability margins are an extension of stability concepts to
stochastic systems. A legged robot is vulnerable to many
sources of variability and uncertainty - sensor noise, unmod-
eled phenomena like actuator backlash, terrain variability and
random disturbances - to name a few. A stability margin
describes the tolerance of the stability properties of a system
to these disturbances.

For linear systems, where the entire state space is either
stable or unstable, two well-defined stability margins are the
gain margin and the phase margin[3]. For nonlinear systems,
it is possible for different states to have different stability
properties. When planning a trajectory through this state space,
it becomes important to understand how stable different states
are relative to each other. There are tools for quantifying
local stability in nonlinear systems, including linear analysis
around a fixed point, contraction analysis[4], and the Lyapunov
exponent[5], but these ideas are not immediately applicable
to the definition of stability introduced in the last section.
Instead, the legged robotics community, particularly in domain
of walking robots, has embraced a more heuristic approach to
quantifying stability. The static stability margin (SSM) and the
zero-moment point (ZMP) margin are the two quantities most
relevant to bipedal walking, but a number of other margins
have been described and compared. See [6] and [7] for brief
reviews.

A. SSM and ZMP
For walking on flat terrain, define the support polygon as a

region S ⊂ <2, which is the convex hull of the ground contact
points. We use ∂S to denote the set of all boundary points of
S.

One of the first stability margins introduced for walking was
the static stability margin (SSM)[8]. A robot is considered
statically stable if and only if the ground projection of the
center of mass is inside the support polygon, because if all
of the internal degrees of freedom of the robot are stationary
and the ground contacts are the only sources of external force
acting on the robot then the center of mass will also remain
stationary. To handle the situation where the robot is moving
(which is treated as a disturbance in this simple model) and
other sources of uncertainty, we use the Euclidean distance
from the ground projection of the center of mass to the closest
edge of the support polygon as a heuristic stability margin:

φssm =

{
minx′∈∂S ‖x′ −Pxyxcom‖2 if Pxyxcom ∈ S,

−minx′∈∂S ‖x′ −Pxyxcom‖2 otherwise,

where xcom ∈ <3 is the center of mass and Pxy is the matrix[
1 0 0
0 1 0

]
that projects xcom onto the xy-plane of the ground.

Especially for bipedal robots, maintaining static stability
throughout the walking cycle results in extremely slow and
unnatural movements. To consider the stability of a dynamic
gait (where the ground projection of the center of mass leaves
the support polygon), we use another important dynamic
variable: the zero-moment point (ZMP)[9]. For our purposes,
the ZMP is equivalent to the center of pressure, and is given
by

xzmp =

∫
x′∈S

Fz(x′)x′dx′∫
x′∈S

Fz(x′)dx′
,

where Fz(x′) is the vertical component of the ground reaction
force at x′. Equivalently, we can write the ZMP in terms of
the internal joints accelerations[1]. Having the ZMP inside the
support polygon is the true dynamic condition that guarantees
that the foot will not rotate. Consequently, the ZMP stability
margin is defined as

φzmp = min
x′∈∂S

‖x′ − xzmp‖2

Notice that, by definition, xzmp is always in S. A related
dynamic quantity, which can leave the support polygon, is the
foot rotation indicator (FRI)[10].

The SSM, ZMP, and most of the related stability margins for
walking only make sense when the support polygon is larger
than a point. For that reason, these margins cannot be used to
describe the stability of walking robots with point feet in the
single support phase. More importantly, they are not defined
if and when a robot leaves the ground entirely, and therefore
cannot be used for running robots.

B. Nonlinear systems interpretation

The SSM and the ZMP both represent approximations of the
tolerance of a walking system to uncertainties. In the SSM,
the assumption is that the robot will fall down if the ground
projection of the center of mass leaves the support polygon. In
other words, it assumes that the set of states that put the ground
projection of the center of mass directly over the edge of the
support polygon is the separatrix between the stable walking
configurations and the basin of attraction of the fall down
set, F . A similar assumption is made with the ZMP criterion,
except the center of mass term is replaced with the ZMP. Both
make a very coarse estimate of the basin of attraction of the fall
down set, F , and then use the Euclidean distance of the current
state from this basin of attraction as the stability margin. In
both cases, the assumption is that the robot will fall down if
the system begins to rotate around the support polygon. This
is a reasonable assumption, because foot rotation reduces the
actuation authority of the system, but humans and many robots
are able to walk stability with less conservative gaits.

Even with a good approximation of the deterministic sta-
bility of the system, the Euclidean distance from a basin of
attraction does not necessarily provide an accurate estimate of
the stability margin. Consider a first-order stochastic system
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Fig. 1. Euclidean distance as a measure of relative stability.

with a single variable, ẋ = f(x) + ξ, where:

f(x) =

{
2
5x(x + 2) , x ≤ 0
1
3x(x− 2)(x + 3)

(
x + 2

5

)
, x > 0,

as plotted in Figure 1, and ξ is a random variable. When ξ = 0,
this system has two stable fixed points (red at x = −2 and
green at x = +2), and one unstable fixed point (yellow at
x = 0) which defines the deterministic separatrix between the
basins of attraction of the two stable fixed points. To motivate
the problem, let us consider a neighborhood F at x ≤ xF to be
undesirable, analogous to the “fallen” states of a robot, and the
other attractor (around x∗b ) as desirable (e.g. a stable walking
cycle). The relative stability of each initial condition, e.g. the
probability of visiting the region F , is plotted in Figure 2 plots
for the case where ξ is drawn from a Gaussian distribution with
mean zero and standard deviation σξ. Notice the asymmetry
around the basin of attraction (caused by the asymmetry in
f(x)). The points x = d and x = −d have the same Euclidean
distance from the original, deterministic separatrix at x = 0,
but can have very different stability properties. Asymmetries
like those used in f(x) often arise in walking; as we will see
in Section VIII, having the ankles of our robots away from
the middle of the foot is one cause.
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Fig. 2. Probability of survival, i.e. x(t) ≥ xF ∀t, given an unknown, constant
offset ξ in velocity: ẋ = f(x) + ξ. Note the asymmetry about the separatrix,
x = 0, as the noise in standard deviation in the uncertainty of ξ, σξ , increases.

IV. PROBABILISTIC STABILITY

In order to achieve more aggressive estimates of stability, we
must be more specific about the types of uncertainty that we

hope to accommodate in these systems, and we must consider
the entire closed-loop dynamics of the system, including both
the plant and the controller. For example, for a disturbance
model that describes an impulsive force applied to our walking
robot at the hip at time T , we can calculate the largest force
required to push our closed-loop dynamics into the basin of
attraction of F . The value of this quantity will vary over the
state space of the robot, but it is a computation that is easy to
perform if we have a simulation of the closed-loop dynamics.
For impulsive disturbances in particular, if we have already
computed the basins of attraction of the unperturbed system,
then it is particularly easy to calculate this margin. Having
computed these quantities, we could, for instance, restrict our
trajectory generation process to select states that require more
than 10 Joules to destabilize the system.

Real robots are subject to many forms of disturbances; we
may wish to describe the overall robustness of the system,
simultaneously considering many disturbance models. In this
situation we can formulate a complete stochastic dynamic
model of the robot and consider the probability and statistics of
falling over, independent of the specific event (or set of events)
that caused the problem. This approach, which we refer to as
probabilistic stability analysis, has the additional advantage
that it can be assessed experimentally on the real robot, using
the actual stochasticity of the environment without any explicit
models of the dynamics nor the disturbances.

A. The first passage time

Let us consider again the system in Figure 1, this time
subjected to a time-varying disturbance, ξ(t) = N(0, 2), where
N(µ, σ) represents a normal distribution with mean z and
standard deviation σ, and 〈ξ(t), ξ(t′)〉 = 0 for t 6= t′. The
dynamics of this system are more difficult to quantify; as
t → ∞, x(t) will visit every state with probability 1. For
this system, the probability of entering region F as t →∞ is
a poor metric of relative stability, because it is one everywhere.

Note: Need to be careful here with continuous distributions.
Use a Wiener process?

Instead, to quantify the relative dynamical ”distance” from
each state x to the fall down region, we can describe the
amount of time that it takes the dynamical system to visit F ,
for the first time. This time, well known as the first passage
time (also first visit time, time-to-failure), is a random variable.
The mean first passage time is a statistic that has proven useful
in a number of fields.

This is a real problem, for both bounded and unbounded
noise. This would be true for a real robot, too - eventually the
robot will get hit by a car, or wind up in a tornado, or walk
off the edge of a cliff. This is a grim, but realistic, observation
about our walking machines: if we run them for long enough,
they will eventually fall down.

V. MODEL-BASED APPROXIMATION ALGORITHMS

In this section we will present some tools for calculating
the MFPT using a stochastic dynamic model of the system.
All of these algorithms are based on the observation that
computing the MFPT can be reduced to policy evaluation
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(computing the value function, or cost-to-go function) in an
optimal control problem which penalizes falling down. Note
that policy evaluation is substantially easier that solving for
the optimal policy - and can be very efficient.

To reduce the MFPT calculation into an optimal control
problem, we need to slightly modify the dynamics of our
system so that F is an absorbing region. In our 1d example,
this would mean:

ẋ(t) =

{
0 x ∈ F

f(x) + ξ otherwise.

In practice this can be accomplished by simply stopping the
trial when your robot falls to the floor. Now the MFPT can be
calculated as

〈TF (x)〉 = 〈
∫ ∞

0

g(x)dt〉,

where

g(x) =

{
0 x ∈ F

1 otherwise.

A. Monte Carlo

Monte Carlo simulations one obvious option estimating the
FPT statistics. The disadvantage of running multiple trials-
to-failure is that such simulations will generally be compu-
tationally intensive. For systems where the model has many
states (e.g. ≥ 5) but the initial conditions we wish to simulate
occupy only a relatively small manifolds in this state-space
(e.g. walking with joints at the knees and/or ankles), running
trials from these few initial conditions may provide a relatively
efficient and accurate method of estimating the FPT statistics.

B. Direct Computation using Markov Chains

When practical, discretizing the dynamics in both time and
state space to create a Markov chain is a powerful tool in
both calculating the FPT statistics and in optimizing control
policies to maximize MFPT.

VI. OLD ALGORITHMS SECTION

A. Stochastic Poincaré maps and Markov chains

In general, we can estimate the “cumulative value” of a
particular cost function over time given 1) a particular initial
condition, 2) a (stochastic) noise definition and 3) a control
policy; this can be done by performing a direct calculate using
a step-to-step transition matrix, f . The transition matrix en-
codes the probabilistic transitions from some set of particular
(discrete) states to the future state(s) that will be visiting in a
given “step” (in time, or literally as a step taken by a walker).
The continuous system dynamics are first “meshed” into a
set of discrete sets of states. These discrete states and their
transition rules comprise a Markov chain approximation of the
exact system dynamics: the combination of system dynamics,
noise inputs, and control policy for the model determine a
(generally stochastic) set of probabilities of going from the
current state to each of the other discretized states defined.
The transition matrix is created such that f(i, j) gives the

probability of starting in state i and transitioning to state j;
each row of f must therefore add to 1.

To evaluate the performance of a particular system (e.g.
given some definition of system parameters, control law and/or
noise), one clean approach would be to define a step-to-step
cost and then integrate this cost over all possible (probabilistic)
eventualities from any initial condition of interest. We can
use the step-to-step transition matrix to perform this calculate
efficiently (using the Bellman equation).

Vi = γ

N∑

j=1

fijVj + ri

where Vi is the cumulative value we expect to receive, given
we are currently in state i, ri is the one-step “reward” (or
penalty) for implementing our control policy at state i (which
incorporates all possible eventualities, if there is noise), γ is
a per-step discount factor for the step-to-step value function
accumulation and f is the transition matrix defined above.

Calculating the mean first passage time (MFPT) is a par-
ticular case of the Bellman equation above, where ri is the
“value” of taking any step from a non-failed state. In other
words, ri = 1 for all i 6∈ F , where F is the set of all “failed”
(e.g. falling) states, since (by definition) exactly one step is
taken in transition from a particular post-collision state to next
step if the initial state is not a failed state. The discount factor
is γ = 1, because we want to calculate the expected total
number of steps taken.

We can select a desired one-step cost (such as the Euclidean
ZMP margin, or a combination of error for a desired trajectory
and weighted control effort, etc.) and a discount factor, γ.
Then, the vector giving the cumulative value function from
each discrete initial condition (given our defined system dy-
namics, noise and control policy) is:

V = (I− γf)−1r

B. Computing the First Passage Time distribution
As we will see in a few sections, computing the mean first

passage time is considerably easier than computing the entire
first passage distribution, and more amenable to online com-
putation on a real robot. This algorithm is included because
the FPT distribution has interesting properties on it’s own, and
because the mean FPT might not be the best summary of the
distribution for all problems.

The first passage time for a particular initial condition
can be calculated by Monté Carlo methods, but this is ex-
tremely computationally intensive. If our goal is to compute
the distribution over the entire state space of the robot, it
becomes intractable. Instead, we can take advantage of how
this distribution changes over the state space of the robot to
create a surprisingly efficient algorithm.

Assume that F is an absorbing set (or equivalently for us,
all states in F are absorbing states), and discretize the process
in time. Then the first passage time is a random variable
described by

px(n) =Pr[FPT(x) = n] = Pr[X(n) ∈ F,X(n− 1) /∈ F |X(0) = x],
Px(n) =Pr[FPT(x) ≤ n] = Pr[X(n) ∈ F |X(0) = x]
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The cumulative probability distribution, Px(n), can be in-
terpreted as the probability that the robot has fallen down
at time step n. Working with Px(n) has a few advan-
tages. Taking advantage of the Markov property, Pr[X(n) =
x(n)|x(0),x(1), ...,x(n− 1)] = Pr[X(n) = x(n)|x(n− 1)],
we can write the distribution recursively:

Px(n) =Pr[X(n) ∈ F |X(0) = x]

=
∑

y∈F

Pr[X(n) = y|X(0) = x]

=
∑

x′
Pr[X(1) = x′|X(0) = x]

∑

y∈F

Pr[X(n) = y|X(1) = x′]

=
∑

x′
f(x′,x)Px′(n− 1).

In words, the probability of falling down from state x in n
steps can be computed by taking one step, then using the
known probability of falling down in n − 1 steps from the
new state. This is a powerful observation; it means that we can
improve our stability estimates online with bootstrapping. To
finish the recursion, observe that if x ∈ F , then ∀n, Px(n) =
1.

Px(0) =

{
1 if x ∈ F,

0 otherwise.

Px(n) =
∑

x′ /∈F

f(x′,x)Px′(n− 1) +
∑

x′∈F

f(x′,x)

=
∑

x′ /∈F

f(x′,x)Px′(n− 1) + Pr[x′ ∈ F |x].

Finally, to back out the probability density, observe that

px(0) =Px(0)
px(n) =Px(n)− Px(n− 1).

This recursion can be implemented efficiently on a com-
puter. Describe the tricks like discretizing, but interpolating
the state space, and pre-computing all of the transition prob-
abilities.

For low dimensional systems, this recursion can be esti-
mated effectively using the following particle filter[12] algo-
rithm: come up with algorithm and put it here.

C. FPT stability margins

Once we have computed the entire FPT distribution for all
states, there are a number of candidates for the actual stability
margin:

• argmin
t

[Px(t) > α] - The time at which the probability

of falling down is greater than α, 0 ≤ α ≤ 1.
• E[px(t)] - Mean first passage time.
• Px(tα) - Probability of falling down by time tα.
• argmax

t
[px(t)] - Maximum-likelihood (ML) time to fall

down.

D. Mean First Passage Time

The mean first passage time can be calculated directly
(i.e. without Monte Carlo simulations or iterative, asymptotic
approximation) if the dynamics can be represented as a
Markov process with discrete states. In the case of walking,
a natural choice is a set of states after each leg collision
(step). The accuracy of this calculation can theoretically be
made arbitrarily exact through appropriately refined meshing
and interpolation to represent state transitions. The practical
limitations to accuracy will be speed and (more significantly)
memory in representing a sufficiently large number of states
to capturing states of interest.

The resulting Markov system is described by its transition
matrix, f :

fij = Pr [X(n) = j|X(n− 1) = i]

We can define the variable s(n) to the count the number of
Markov steps taken which did not originate from a failed
state in the course of arriving (through some particular, as
yet unspecified path) from some initial state X(0) to a state
X(n). This count is defined as s(0) = 0 in the initial state.
Then,

s(n) =

{
s(n− 1) if X(n− 1) ∈ F

1 + s(n− 1) otherwise

For most real-world systems, the transition matrix inherently
allows for a non-zero chance of eventually entering the absorb-
ing failure state as n →∞. Therefore, a failure will eventually
occur, and the finite number of steps executed before entering
the failed state will be sf = s(n →∞).

Let mi be the MFPT, given we begin in state X(0) = i.
This is the expected count of steps that will be taken before
arriving in an absorbing (failed) state:

mi = E [sf |X(0) = i]

We can use the definition of the counting variable s and the
total expectation theorem to define mi recursively:

mi =

{
0 if i ∈ F

1 +
∑N

j=1 fijmj otherwise

where N is the total number of states. We can write the
equations for the unknown non-absorbing states in matrix
form. To avoid singularities in the calculation, however, we
will use sub-matrices f̄ ′ and m̄′, which contain only the non-
absorbing states for which we need to solve the MFPT. (Recall
we already know that mi = 0 for i ∈ F ; this along with the
sub-matrix calculation then provide the full solution for mi∀i.)

m̄′ = f̄ ′m̄′ + 1̄

where 1̄ is a column vector containing all ones. Solving for
the vector of mean first passage times for the non-absorbing
states, we obtain:

m̄′ = (I− f̄ ′)−1(1̄)

We could also choose to define the MFPT such that the last
step (arriving into the failed state for the first time) is not



TO BE SUBMITTED TO IEEE TRANSACTIONS ON ROBOTICS 6

counted as a step, in which case we can simply subtract one
from the resulting estimate for MFPT obtained through the
calculation above.

The rest of this section is an older version of this section on
deriving MFPT... For cases with finite state spaces, calculating
the mean first passage time is simple. In this case, we can write
the probability distribution Pr[X(n) = x] as a vector, x̄(n),
and the transition probabilities as a matrix, f̄ . Then we have

x̄(n) = f̄ x̄(n− 1) = f̄nx̄(0).

The first passage time distribution from state i (represented by
the ith element of the vector x̄) is:

pi(0) =

{
1 if i ∈ F

0 otherwise,

pi(n) =
∑

j∈F

[x̄j(n)− x̄j(n− 1)] =
∑

j∈F

[
f̄n−1(f̄ − I)δi

]
j
,

where δi is the vector with a one in component i and zeros
everywhere else. Finally, the mean first passage time is

E[FPT(i)] =
∞∑

n=0

npi(n) =
∑

j∈F

[( ∞∑
n=0

nf̄n−1

)
(f̄ − I)δi

]

j

=
∑

j∈F

[
(I− f̄)−2(f̄ − I)δi

]
j

Can I put this into vector form?
Introduce algorithm FPT(λ).

Another derivation

Note: I just used random variable names in here. We should
decide on a convention.

The first passage time, φ, for a discrete time system on a
given trial can be written as:

φ =
N∑

i=0

1,

where N is the step on which the robot fell. Equivalently, this
can be written as

φ =
∞∑

i=0

g(x, u), g(x, u) =

{
0 x ∈ F

1 otherwise
.

For systems which also have discrete states (Markov chains),
we can write g as a vector with elements {0, 1}. The mean
first passage time, m, given I’ve started in state i is time is

mi = E

[ ∞∑

i=0

g(x, u)

]
, x(0) = si.

This looks like an infinite-horizon, undiscounted value func-
tion, and we can write it recursively as

m = g + f̄m.

Therefore, the mean first passage time is simply

m = (I− f)−1g.

E. Mixing Time

If the MFPT from some subset of states is large enough, we
can treat the process of walking as a metastable state: initial
conditions are essentially forgotten after an appropriately long
mixing time, and the inverse of the MFPT defines a leakage
or “escape” rate at which failures occur on average: r =
1/MFPT

Using the concept of metastability implies a separation of
time scales. We can test the validity of this assumption by
comparing the second- and third-largest eigenvalues of the
(transpose of the) transition matrix, f . The largest eigenvalue
will always be unity, λ1 = 1. For a system with a single
“metastable” state second-largest eigenvalue will be related to
the escape rate, r, as λ2 = 1− r. In words, it is the expected
probability of not failing on any given step, once initial
conditions have been forgotten. The remaining eigenvalues
give rates at which initial conditions will be forgotten. Any
initial condition can be decomposed into a weighted average
of the eigenvectors of the transpose of f , and the logarithmic
rate at which each vector component “dies off” is related to the
corresponding eigenvalue. (For instance, an eigenvector with
λ = .25 decays to 1/4 of its previous contribution at each
step...) The eigenvector corresponding to λ1 sums to one (i.e.
the total probability of existing), while each other eigenvector
sums to zero. This maintains a total probability of one as initial
conditions “die away”.

To estimate the rate of mixing, we can look at the eigenvalue
with the third-largest magnitude. The time constant for mixing
(at which point the initial condition contribution has decayed
to 1/e of its initial value) is τ3 = 1/log(1/λ3), while that of
the metastable process is τ2 = 1/log(1/λ2). To model the
system as metastable, we require τ2 >> τ3, which can also
be written as the requirement:

log(1/λ3) >> log(1/λ2)

or, using the approximation log(1/(1− δ)) ≈ log(1 + δ) ≈ δ,

(1− λ3) >> (1− λ2)

so that the rate of mixing (1− λ3) is significantly faster than
the leakage rate (1− λ2).

(Note that we can solve for the quasi-stationary distribution
by elimination the failure state from f ; renormalizing the
each row to add to one; and then solving for the eigenvector
of the transpose of this submatrix which corresponds to an
eigenvalue of one.)

F. Simple 1D dynamic system example

We will now return to the simple first-order dynamic system
described in Section III-B to illustrate what the FPT statistics
tell us about system stability. Figure 3 shows both the mean
(solid line) and median (dashed) of the first passage time
distribution. Near the desirable attractor at x = 2, the process
can be approximated as metastable state with constant leakage
rate, r. Thus, the failure statistics near x = 2 are described
by an exponential probability distribution of failure. For an
exponential process, the mean is MFPT = 1/r, and the
median is ln(2)/r). The value ratio of the median to the mean
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Fig. 3. Mean FPT and median FPT given a time-varying disturbance in
velocity: ẋ = f(x) + ξ(t)

at x = 2 is close to what you would expect: 6.8/9.5, or
1.03ln(2). By contrast, the dynamics near x = 0 are more
complex. They involve a substantial risk of early death, but
after initial conditions are forgotten, the distribution of states
for the survivors approaches the metastable basin shown in
Figure 4. To picture the risk, imagine the following scenario:
you are presented with two fuses which look identical. How-
ever, one is a slow-burning fuse that takes 9 minutes to burn,
while the fast one fails after 1 minute. If you tend to pick the
quick fuse about (but slightly more often than) 50% of the
time, the mean burning time will be about 5 minutes, but if
your chance of selecting the faster one is just slightly over
50/50, the median will be only one minute. This is analogous
to what is happening at the separatrix, x = 0. The mean
is about 5 seconds, while the median is about one second.
The process involves a high “infant mortality” which is not
captured adequately by looking solely at the mean FPT for
that initial condition.

−1 0 1 2 3 4
0

0.25

0.5

0.75

1
Metastable Basin

x

pd
f o

f x

Fig. 4. Quasi-static probability distribution function for the value of x given
a time-varying disturbance in velocity: ẋ = f(x) + ξ(t)

A more direct way of identifying the magnitude of the
short-term risk is to calculate the probability of surviving
until at least some particular time threshold, T , has passed:
Pr(x(T ) ∈ F |x(0)). Figure 5 shows curves of this statistic for
3 different values of T . After one second, for instance, there
is only about a 25% chance of survival for x(0) = −0.5 and

about a 50% chance if we began at x(0) = 0. Correspondingly,
the median in Figure ?? goes through one second at x(0) = 0.
This short-term risk is analogous to the SSM and ZMP margin,
which attempt to predict the risk of falling in the immediate
future.
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Fig. 5. Probability of survival after a given time has elapsed, as a function
of initial condition, x0, Pr(x(T ) ∈ F |x(0)).

VII. THE COMPASS GAIT ON ROUGH TERRAIN

γ

a

−θ θ

m
h

stsw

m

b

Fig. 6. The compass gait walker.

One of the simplest models of walking is the 2D passive
compass gait[?], depicted in Figure 6. It consists of two mass-
less legs, with a frictionless pivot between them and resembles
a drafting compass. Our compass gait model includes three
point masses: one on each leg and one of the pivot or “hip”
joint where the legs meet. Impacts during walking are modeled
as inelastic, and we assume the (massless) toe will retract
automatically during the swing phase to avoid foot-scuffing.
There is no actuation in the walker; stable limit cycles exist
where the energy lost at impact exactly balances the change
in potential energy as the device walks down an incline.

Given appropriate parameter values and initial conditions, a
2D compass gait walker will walk down a particular constant,
gradual slope, converging deterministically to a stable limit
cycle. We now consider the same system with added noise
to the terrain. For most non-trivial noise descriptions 1, any
such walker must eventually fall. However, if particular initial

1COMMENT: e.g.Gaussian, but also certainly many bounded noise models
as well.
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conditions exist for one walker which result in a MFPT of
thousands or millions of steps, this walker is clearly more
successful than one for which no initial condition results in
better than a dozen or so expected steps on average. We
are also interested in the size of the stochastic basin of
attraction for such a walker. Even if one particular initial
condition results in a large MFPT, we would generally like
the walker to perform well given reasonable perturbations in
initial condition.

A. Deterministic basin of attraction

For the deterministic compass gait on even terrain, we can
numerically model the dynamics and calculate whether the
walker will converge to a stable limit cycle or eventually fall.
This defines two clear regions in state space: the basin of
attraction of stable walking (MFPT = ∞), and the basin
of attraction to failure. Figure 7 shows a 2D slice of 3-
dimensional basin of attraction of stable walking for a walker
where a = .6, b = .4, and mh = 2m, traveling down a
4 degree slope. The basin is plotted for post-collision states,
so that the constant slope at impact forces a linear relationship
between the stance angle, θst, and swing angle, θsw at each
impact. This leaves the inter-leg angle (33 degrees for the slice
shown) and the two angular velocities as independent degrees
of freedom.

−3.5 −3 −2.5 −2 −1.5 −1 −0.5 0
−4

−2

0

2

4

6

8

10

fixed point

dθ
st

/dt

dθ
re

l/d
t

Fig. 7. A 2D slice of the deterministic basin of attraction for a passive
compass gait walker on an even slope. This slice corresponds to an interleg
angle of about 33◦, which is the interleg angle of the stable limit cycle. The
fixed point of the limit cycle is located at the center of the dot shown.

B. Stochastic basin of attraction

The deterministic basin in Figure 7 gives only a binary
classification of stability (on whether it will converge to the
limit cycle). We can attempt to judge the robustness of a
system to stochastic noise by measuring the smallest distance
in each degree of freedom to the separatrix between the stable
and unstable regions, but it does not allow us to analyze the
stochastic stability to particular noise distribution.

We propose mapping the MFPT over the state space pro-
vides a much richer description of stability. Figure 8 shows a

Fig. 8. The stochastic basin of attraction, showing MFPT for a passive
compass gait walker on rough terrain.

3D plot giving MFPT as a function of state over the same 2D
slice in state space depicted in Figure 7. Here, the terrain is
modeled as having a Gaussian distribution in slope for each
step. For Figure 8, µ = 4 deg, σ = 0.5 deg.

Data were obtained by running Monte Carlo simulations2.
We have run Monte Carlo simulations for particular initial
conditions (rather than over a mesh of initial conditions)
which show significant and unexpected differences in stability
between different mechanical walker designs. Approximat-
ing the MFPT clearly provides a useful tool for optimizing
both mechanical system dynamics and control policies. For
instance, modifying the walker such that a = .7, b = .3,
and mh = 0.3m, the MFPT on the same terrain is close to
3 million steps (compared with 20 in the previous walker).

VIII. INVERTED PENDULUM WITH BASE

The simplest model for comparing the FPT to the ZMP is
the inverted pendulum with a base which is connected to the
ground via two points. I assume that friction is large enough
that the base never slips on the floor.

τ θ

m

F
1
    F

2

m
f

a 

a
f

b
1

b
2

g  

Fig. 9. Inverted Pendulum With Base

Given the state (θ, θ̇) and the controller output (τ ), we can
compute the ground reaction forces for the regime when both

2COMMENT: 25,000 points for the 2D slice in Fig. 8.



TO BE SUBMITTED TO IEEE TRANSACTIONS ON ROBOTICS 9

feet are on the ground and F1, F2 ≥ 0:

Fy = mg − τ

a
sin θ −mg sin2 θ −maθ̇2 cos θ

F1 =
−τ + b2Fy + (b1 + af )mfg

b1 + b2

F2 =
τ + b1Fy + (b2 − af )mfg

b1 + b2

The system uses torque-limited PD control to regulate the
pendulum about the angle which locates the center of mass
directly about the center of the foot (maximizing SSM for
a noiseless system). The noise input consists of impulses
(step changes in pendulum velocity). At each time step,
there is a small but finite chance of receiving an impulse,
whose magnitude is selected from a Gaussian distribution. The
dynamics are simulated over a smaller time step, using the
finite difference method, and the Gaussian noise distribution
is approximated by a finite set of discrete possible values.

A. The ZMP Margin: φzmp

The ZMP location, referenced from the back of the foot, is
simply

xzmp =
(b1 + b2)F1

F1 + F2
.

The ZMP stability margin is:

φzmp = |min [xzmp, (b1 + b2)− xzmp]|.

B. The mean first passage time: φfpt

To calculate the MFPT for this system, we approximated the
dynamics as a discrete Markov chain and iterative calculated
the approximate transition matrix and then remeshed to capture
regions where the gradient in MFPT is largest. This involved
discretizing the state space over θ and θ̇, selecting a discrete
time step for transition, discretizing the noise as a finite set
of possible values at each step, and then simulating dynamics
for the necessary time step for each discrete noise value. Each
new state was approximated by barycentric weighting to an
appropriately enclosing set of N+1 nodes in the particular 2N -
node rectangular mesh element which surrounds this desired
new states. States which do not fall within any existing mesh
elements are considered part of the absorbing failed (fallen)
state.

C. How does φzmp compare to φfpt?

Figures ?? and?? compare ZMP and MFPT for a symmetric
pendulum (b1 = b2) and an asymmetric one. Comparing
the two figures, we note: (1) the plots are is predictably
asymmetric for the latter and (2) the MFPT of the former
system is approximately 100 times longer that than of the
asymmetric one. The ZMP captures the relative short-term
stability of possible states in a given system; however, it gives
no information about the expected performance of one system
versus the other. The MFPT provides a more meaningful
metric for optimizing system performance, since it captures
the overall behavior of the resulting dynamic system.
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Fig. 10. MFPT (top) versus ZMP, plotted over the state space for the inverted
pendulum with base. (Note the top two subplots give an overhead view, while
the bottommost two show the same data from a 3D perspective.) The MFPT
plot has an essentially flat top: pendulums which begin within this region tend
to converge rapidly to a subset of this large region. Because initial conditions
are quickly forgotten, there is little difference in MFPT within this larger
region of ”likely recovery” back toward equilibrium.

D. Improving φzmp

Most walking systems involve asymmetries in the shape of
the support polygon, actuator authority, expected noise dis-
turbance and/or sensor information (among other things). We
would therefore expect that we can find stability metrics that
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Fig. 11. MFPT (top) versus ZMP for an asymmetric position of pendulum
pivot. Note that the system-wide performance of this system is much worse
than that of the symmetric system corresponding to Figure ??: the MFPT of
the symmetric system is about 100 that of the asymmetric system shown here.

are better-correlated with robust walking than the ZMP margin.
One candidate stochastic stability metric is the probability of
having failed over some short, prescribed time interval in the
future: Pr(x(T ) ∈ F |x(0)), for some time scale, T . We can
often assume well-designed walkers will converge back to
metastable walking gaits over longer time scales, and then
valuing our immediate ability to avoid failure heavily makes

sense.

IX. THE PLANAR ONE-LEG HOPPER

The planar one-leg hopper shown in Figure 12 is based on
the Raibert hopper[?], [?]. It uses an adjustable spring stiffness
and torque actuation between the leg and body to regulate
hopping height, body attitude and forward velocity. The state
space describing this 2D model involve 10 states variables: x
and y positions of the foot, the adjustable undeflected length
of the leg spring, the angles of the leg and the body with
respect to global coordinate, and the time derivatives of each
of these fives states.

Because of the size of the state space, solving for the MFPT
via the meshing strategy employ in the inverted pendulum
model in section VIII is probably impractical3, and Monte
Carlo simulations of the sort performed in section 6 would be
computationally intensive.

We tentatively propose using a hybrid technique to approx-
imate MFPT for higher-order systems such as this, involving
two basic modeling steps. First, the dynamics would be
simulated using Monte Carlo methods to identify particular
states which are most often visited. The quasi-stationary
metastable distribution can be approximated by selecting a
finite number of unmeshed (scattered) nodes in state space and
weighting each approximate the observed probability density
function observed from simulations. Next, estimate the single-
step probability of transitioning to failure from each of the
discrete states selected. This involves selecting a discrete time-
step for the transition matrix, identifying the magnitude of the
disturbance(s) that result in inevitable failure, and integrating
to find the probability that a disturbance of such magnitude
would happen during the time step chosen for simulation. The
system-wide leakage rate (inverse MFPT) can be approximated
as the sum of the probability of each discrete state being visit
during observed trial runs times the probability of immediate
failure in the chosen time step, given we are in this particular
state. We are currently developing tools to implement this
method and to estimate its accuracy.

Fig. 12. The planar one-leg hopper

X. ESTIMATING FIRST PASSAGE TIME STATISTICS ONLINE

• Formulate as maximum time optimal control problem,
C = − ∫

dt. Value function is stability margin.

3COMMENT: Our attempts at iteratively remeshing even a reduced-order
version of the model result in transition matrices which become too large to
compute in MATLAB before any metastable modes begin to emerge.
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• Value iteration for simple systems.
• Online value learning algorithms for real systems
• ZMP as an initial guess.... only do better
• Reduced-order approximations
Monte carlo. Particle filters.
Policy evaluation for the maximum-time problem. If we

discretize the problem in time, then the cost-to-go function, or
value function, for following policy π is given by:

V π(x) = E{−1dt + V π(x′)},
where x′ is the next state visited after x following π. Given
a noise model, we can define this transition probability as

f(x′,x) = Pr{X′ = x′|X = x}.
If we also discretize the state space, then the value function
can be written as

V π(x) = −dt +
∑

x′
V π(x′)f(x′,x).

Notice that V π(x) = 0 iff x ∈ F and those terms can be elim-
inated from the sum. Therefore, V π(x) can be approximated
numerically using an iterative algorithm

V̂ π(x) ← −dt +
∑

x′ /∈F

V̂ π(x′)f(x′,x).

Continuous time and continuous space versions of this algo-
rithm can also be defined[?].

φfpt(x) = −Jπ(x).

Use −φzmp as an initial guess for Jπ(x), then improve
with experience. There is some evidence that this can be
accomplished in real-time on a real robot[13].

XI. META-STABILITY

For most walking robots that we consider to be walking
well, the evolution from p(x, 0) to p∗(x) has multiple time
constants: initial conditions are rapidly forgotten as walkers
stochastically either fail or converge to a quasi-stationary
(metastable) distribution p0(x), which slowly leaks (via even-
tual failure) into p∗(x). These dynamics are similar to the
ferromagnetic systems studied in physics [?].

Something like a Kalman filter. Except the stable dynamics
shrink the state distribution instead of observations.

A. Metastable Limit Cycles and the First Passage Time

The statistic that I propose as a metric of dynamic stability
for walking systems subject to time-varying noise is the mean
first passage time to the set F . This quantity, also called
the first visit time or the mean time to failure (MTTF),
has been used in many applications in engineering, physics,
and chemistry[?], including modeling the time at which the
membrane potential of a neuron passes threshold. The first
passage time of a stochastic process,

FPT(x) = argmin
t

[x(t) ∈ F |x(0) = x],

is a random variable over t that depends on the initial
conditions x0.

XII. DISCUSSION

• Chicken-and-the-egg problem? Answer: Policy iteration.
• ZMP is definitely an important dynamic variable, but the

ZMP criterion leaves much to be desired.
• Maybe we don’t just use a fall-down state F . What about

asking when it’s possible to enter a state S? Like Alec’s
idea about Jerry’s work - evaluating the ability to come
to a standstill.

• still need better methods for dealing with large dimension
systems (see Sec. IX on the hopper).

A. Gain- and Band-limited noise

Under what conditions does this change our discussion of
ferromagnets-? The FPT time is still useful - it just goes to
∞.

A hidden implication of these methods is a suggestion on
how to walk over rough terrain. Although the dynamics of the
ground change with every step, planning some optimal motion
for each step is tiresome and potentially intractable. The
suggestion here is that the thing we monitor about the ground,
at least for mild terrain, is the statistics of the terrain, and we
adjust our walking strategy according to these statistics. It is
not until we encounter particularly harsh terrain that we need
to explicitly model and plan4.

For control. Scalar stability metric - 2nd eigenvalue.

B. Stability and Value Functions

SSM is a value function ZMP is a Q function.

XIII. CONCLUSIONS

APPENDIX I
A WEAK BOUND ON THE CUMULATIVE DISTRIBUTION

Here is a weak bound on the cumulative first passage time
distribution based on the Markov inequality. Since τ ≥ 0, we
have

Pr[τ ≤ a] ≤ aE

[
1
x

]
.

Proof:

E[1/x] =
∫ ∞

0

f(x)/xdx =
∫ a

0

f(x)/xdx +
∫ ∞

a

f(x)/xdx

≥
∫ a

0

f(x)/xdx ≥
∫ a

0

f(x)/adx =
1
a

Pr[x ≤ a].QED.
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4COMMENT: Yikes! Not very eloquent, but an important idea.
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